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Abstract 

We present a higher index theorem for a certain class of etale one- 
dimensional complex-analytic groupoids. The novelty is the use of the lo- 
cal anomaly formula established in a previous paper, which represents the 
bivariant Chern character of a quasihomomorphism as the chiral anomaly 
associated to a renormalized non-commutative chiral field theory. In the 
present situation the geometry is non-metric and the corresponding field 
theory can be renormalized in a purely conformal way, exploiting the 
complex-analytic structure of the groupoid only. The index formula is 
automatically localized at the automorphism subset of the groupoid and 
involves a cap-product with the sum of two different cyclic cocycles over 
the groupoid algebra. The first cocycle is a trace involving a generaliza- 
tion of the Lefschetz numbers to higher-order fixed points. The second 
cocycle is a non-commutative Todd class, constructed from the modular 
automorphism group of the algebra. 
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1 Introduction 

In the previous paper |13j we presented a general principle allowing to find local 
representatives for the bivariant Chern character of quasihomomorphisms. The 
method is based on a renormalized bivariant eta-cochain, whose boundary gives 
the desired local formula. In fact when the quasihomomorphism has even parity 
this is completely equivalent to the computation of the anomaly associated to 
a non-commutative chiral gauge theory |11| . and this explains why the repre- 
sentative of the Chern character is local. The power of this method comes from 
the considerable freedom in the choice of renormalization: changing the renor- 
malization scheme just amounts to change the local representative of the Chern 
character. The choice of scheme is however dictated by the geometric situation 
at hand. In "13] we illustrated these principles in the "metric" situation, i.e. 
when an abstract Dirac operator is available. In that case the eta-cochain can 
be renormalized by zeta-function and the local formulas for the bivariant Chern 
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character generalize the Connes-Moscovici formula 4 . There exist however non- 
metric situations, for instance in conformal geometry, where the introduction of 
a Dirac operator is quite unnatural and more adapted renormalization schemes 
are needed. The aim of the present paper is to provide a relevant example. 

We consider a smooth etale groupoid F associated to the action of a discrete 
group G on the complex plane S by local conformal transformations. By this, 
we mean that each g € G has a prescribed domain Dom((7) C S and range 
Ran((7) C E, and g determines an invertible conformal transformation Ilan{g) 
Dom(g). See section [2] A good example is a discrete subgroup of SL(2,C) 
acting on the plane by homographic transformations. In general the action 
can be complicated, does not preserve any riemannian metric and may have 
fixed points. S is a Riemann surface, and we let d : C^{Y.) r2°'^(I]) be 
the Dolbeault operator acting on compactly supported functions, d intertwines 
the action of G on functions and on differential forms of bidegree (0, 1). From 
the non-commutative geometry viewpoint the groupoid F is described by the 
algebraic crossed product jz/q = C^(S) x: G. We represent x/q in the algebra of 
bounded operators on the Hilbert space Ha of square-integrable functions with 
respect to the measure {1 + \z\)°'(Pz over E, and let be the group ring of G. 
It turns out that for an appropriate choice of weight a, the Dolbeault operator 
determines a quasihomomorphism of even parity (see [12j ) 

p:£/^<^''>y-''(E)£§, (1) 

where jz/ and are suitable Frechet completions of si/q and ^Mq, the algebra 
is the Schatten ideal of p-summable operators ^P{Ha) for any choice of p > 2, 
S" = J^'{Ha)<S)^, and (g) is the projective tensor product. The Riemann-Roch- 
Grothendieck theorem stated in T5] establishes the compatibility between the 
pushforward maps induced by p on various versions of i^-theory and cyclic ho- 
mology, including secondary characteristic classes. We will focus on topological 
_fC-theory and periodic cyclic homology only, i.e. the homotopy invariants of 
and In that case the theorem reduces to a commutative diagram: 



ch(p) 



i G Z2 . (2) 



The vertical arrow K^°^(yiSi-) — > HPi{ ) is the Chern character in periodic 
cyclic homology and p\ is the pushforward map in topological if-theory. The 
bottom arrow is the bivariant periodic Chern character ch(p) e HP'^{£/,3§). 
We are interested in the explicit calculation of the diagonal map (dashed arrow): 
from cyclic homology invariants of ^ one thus gets iiT-theoretic invariants of £/. 
This is useful for example in the formulation of higher index theorems (see e.g. 
[HITU]). Note that the methods developed for the equivariant index theorem 
of [TU] cannot be applied here because the action of G does not preserve any 
Riemannian metric on E. For this reason heat kernel or zeta-function renor- 
malizations are not suited and in order to obtain local formulas we shall exploit 
the conformal geometry only, i.e. the complex-analytic structure of F. Alterna- 
tively, in the odd case i = 1 the diagonal map is exactly computed by a chiral 
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anomaly [13j and the index theorem is thus reduced to the renormahzation of 
a chiral conformal field theory over F. The even case i = is then covered by 
Bott periodicity. 

As stressed in |13j renormahzation requires to work with the dense subalge- 
bra s^o C . Indeed the cyclic cocycles obtained are distributions and make 
sense on the algebra of smooth functions with compact support C^(S) x G. We 
shall not address here the question of extending these cocycles to the Frechet 
algebra £^ . Hence let us choose an even X-theory class [e] G K'^^{,y(hs^) rep- 
resented by an idempotent e G Afoo(M))j and an odd class [u] G K'^°^{J^^s^) 
represented by an invertible u G Moo{M))^ such that u — 1 G Moo{s^o) (the 
symbol denotes unitalization). Their respective images under the canonical 
homomorphism p : j^/q £/o ^ ^ have Chern characters 

ch(p(e)) e HPo{£/o «) ^) , ch{p{u)) G iJPi(M) » ^) • (3) 

(Here the algebraic tensor product x/q ^ ^ is treated as a discrete algebra). 
The diagonal map of ^ then corresponds to the cap-product of these Chern 
characters with an appropriate cyclic cocycle ip of even degree over ^/q- 

ipn : HP,{£/o HP,{J^) . (4) 

The cocycle (p emerges from the anomaly formula. For this reason it is auto- 
matically localized at the automorphism subset of the groupoid F, i.e. the pairs 
{g, zq) G G X S given by a fixed point zq for a conformal mapping g. The set of 
automorphisms is the union of the discrete set F/ of isolated automorphisms, and 
the 1-dimensional complex manifold F^o of non-isolated automorphisms (which 
contains the set of units S). An isolated automorphism {g,zo) has an order 
n < oo corresponding to the first non- vanishing term of the Taylor expansion of 
the holomorphic function g{z) — z around zq. The non-isolated automorphisms 
have order n = oo by definition {g{z) — z around Zq). Hence (f splits as the 
sum of two cocycles. The first part is a cyclic cocycle of degree zero, i.e. a trace 
$(F) : £/o ~* C localized at isolated automorphisms: 

'f(r)(«)- E 7;^^rn^^;,.oW«(5,-))...„ VaeM. (5) 

where Hg ^^_^{z) is the holomorphic function (z — zoy^/{g{z) — z) and n is the 
order of {g,zo). The second part is a cyclic cocycle of degree two localized 
at the manifold of non-isolated automorphisms. Consider the crossed product 
algebra of differential forms with compact support 1^*(S) x G. It contains ^/q as 
subalgebra of degree zero and is gifted with the de Rham differential d = d + d 
acting on Q*{T,) only and commuting with G. There is also a non-commutative 
differential S coming from the modular derivative D over x/q'- 

S^[d,D] , 5^ ^0 . (6) 

D is the generator of the modular automorphism group of jz/q associated to the 
smooth euclidian volume form dzAdz/2i over E (see [Hj). From these ingredients 
we form the differential V = d — ^5, = and define the Todd class of F as 
the cyclic 2-cocycle 

Td(F)(ao, ai, 02) = J aoVaiVa2 , Vui G ■ (7) 
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It was shown in [9J how the classical counterpart of the modular differential 6 
accounts for the curvature of a Riemann surface endowed with a Kahler metric, 
and thus explains why Td(r) is the correct generalization of the usual Todd 
class. Note by the way that S was introduced in [3] as one of the generators of 
the Connes-Moscovici Hopf algebra [5] . Using the anomaly formula one gets for 
free: 

Theorem 1.1 Let [e] € Xo°P(J^«)^) and [u] e K^°'^{J%)£/) be topological 
K -theory classes represented by an idempotent e £ Moo(M)) o.i^'d- an invertible 
element u € A'/oo(M))^ respectively. Their images under the diagonal map of the 
commutative diagram are obtained by cap product of the Chern characters 
ch(p(e)) e HPo{j2/o (g) ^) and ch(p(u)) G HPi{s^q ® SS) with the cyclic cocycle 
over £/q: 

if = $(r) + Td(r) . (8) 

See Theorem 14.31 for an explicit formula. The cap-product with the Todd 
class is not very surprising, since it is the general form expected in a non- 
commutative Riemann-Roch-Grothendieck theorem (see the work of Brodzki, 
Mathai, Rosenberg and Szabo [T]), but the trace $ is more exotic. It is not 
obvious from ^ but nevertheless true that $ is invariantly defined, i.e. only 
depends on the complex-analytic structure of F and not on the particular choice 
of complex coordinate system z (Lemma 14. ip . The contribution of an isolated 
automorphism (g, zq) of order n can be computed in low degrees, 

ari(ii;,.„(z)a(g,z))_ = 



(n- 1)! 

(n^l) : —l^^aizo) 

( 0^ 2 (l g'"{z^) , . ^ , . 
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( .A 3 / 1 g(5)(zo) , , 1 ( g^^\z,) \ 

■ d,_a[zo) - d^a{zo) 



2 g"'izo) 

and depends on the jets of the conformal mapping g up to order 2n — 1. For 
n = 1 one recognizes the Lefschetz number 1/(1 — g'(zo)) and it pairs non- 
trivially with the /iT-theory of £/q. For n > 2 one gets new traces over x/q. 
They do not appear in usual fixed-point theorems because the latter deal with 
isometries, which have only fixed points of order one. I don't know if these 
traces pair non-trivially with if-theory, or even if their periodic cyclic cohomol- 
ogy class is non-zero. One can expect that their evaluation on if-theory classes 
in the range of an "assembly map" (whatever it is) should vanish because a 
conformal transformation g associated to a fixed point zq of order > 2 cannot 
generate a finite group. Nevertheless, these evanescent terms are traces over £/q 
in their own right and may be of independent interest. 

The paper is organized as follows. In section [2] we construct the quasiho- 
momorphism associated to the action of G on E and recall from [T^ how local 
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representatives of its bivariant Chcrn character are related to the chiral anomaly 
of a non-commutative conformal field theory. Then in section [3] we explicitly 
renormalize the conformal field theory and compute the anomaly, spontaneously 
localized at the fixed points of conformal mappings. These calculations are 
rather straightforward but involve distributions and have to be performed with 
care. Finally the index theorem is stated in section [J] 

2 Local anomaly formula 

Let S = C be the complex plane. We regard E as a Riemann surface with 
its canonical orientation given by the complex structure. In the following z 
denotes the canonical complex coordinate system on E. Abusively z will some- 
times also denote a point in S. Let ^^^(S) be the differential graded algebra of 
smooth, complex- valued differential forms with compact support. The degree 
zero subalgebra fic(^) coincides with the algebra of smooth compactly sup- 
ported functions C^(E). Any one- form A S ric(^) can be decomposed as a 
sum A = dzAz -\- dzA-, and we let ill'°{T,) and il°'^{T,) be the subspaces of 
one-forms proportional to dz and dz respectively. The partial derivatives with 
respect to z and z will be denoted by dz and dz, hence the de Rham differential 
reads d = dzdz + dzdz- The Dolheault operator is defined as usual as the part 
proportional to dz: 

d = dzdz ■■ C^{^) -> ■ (9) 

For notational consistency with |13j the symbol Q will be used instead of d. 
We denote improperly by the associated Green's operator. Thus Q^^ is 
a linear map from f2j?'^(E) to the (non-compactly supported) smooth functions 
C°° (S) , given by the integral 

(Q-i.A)H- / d'z^^ (10) 

T^yw - z) 

for all A = dzA- e r2°'^(S) at any point w e S. Here d'^z = dz A dz/2i is 
the euclidean volume form, and the Cauchy kernel l/{w — z) is a distribution 
over E X E with singular support on the diagonal. The notation is justified 
by the fact that for any / e C^{T,) and A £ 0°'i(E) one has Q'^Q ■ f = f 
and QQ^^ ■ A — A. Indeed this can be easily verified using the distributional 
relation ^ 

dz — ttS'^{z — w) , 

z — w 

where S'^{z) is the Dirac mass at z = 0. We would like to complete C^(E) into 
a Hilbert space of square-integrable functions with respect to some measure: for 
any weight a S M endow C^(E) with the norm 

mu = {fd'zii + \z\r\az)\'y^\ vcecr(E). (n) 

Let Ha be the Hilbert space completion of C^(E) with respect to this norm, 
and observe that any one-form A G 0"'^(E) acts by pointwise multiplication on 
the space of smooth functions and thus defines a linear map C^(E) — > f22'^(E). 
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Lemma 2.1 For any one-form A e f2^'^(S), the composite operator Q~^A : 

C^CS) C°°(S) extends to a compact operator on Ha whenever a < —1, and 
more precisely Q^^A is in the Schatten class Jiff (Ha) for any p > 2. 

Proof: We will show that the formal adjoint of Q~^A extends to a compact 
operator. The Hilbert norm || • comes from the inner product 

{C,v)a= I d^z{l + \z\ra^r]{z) 

for all ^,?7 e C^(S). The adjoint (Q^^A)* with respect to this product reads 

{Q-'Ar^{z) = (1 + \z\)-"A={^) [ d^w ^l±^^{w) . 

J Tr[w - z) 

Choose a < — 1 and let us show that {Q~^ A)* extends to a bounded map from 
Ha to the Sobolev space W\ gifted with the norm 



w 



= [j d\{Uz)? + \d,m'')) 



1/2 



Define the function with compact support f{z) = (1 + |z|) °'A-{z). Using the 
identity dz =3= = tt6'^ [z — w) one gets 



{\\{Q-^Ar^{z)\\wf < [ d'z f{z) [ d'w ^^ + '^^" gH 

J J T^iW - Z) 



+ 



d^z 



dJiz) / d'w 



'k{w — z) 

We estimate the first term of the r.h.s. as follows: 



^{w)-f{z){i + \z\raz) 



d^z 



< / .e.j'u^j'w, i/wi " ,+ \uw,)\ \m\ " ,+ 1"^"' 



Tr\W2 — z\ 



Trjuii — z\ 

^f^M M M2(l + kl|)" (1 + ^2!)",^, ,,2 

< d^zd^Wid^W2\f{z)\^^^ n-^-^ , 

J -k\'Wi—z\ -k\'W2 — z\ 



where the last step uses the Cauchy-Schwarz inequality. Since a < — 1 the 
integral I{z) = J d'^W2 converges to a continuous function of z. After- 

wards, the integral J uniformly bounded with respect to Wi. 

Hence there is a constant C'a{f) such that 



< CM) j rfV(i + Kiri^(w;i)p 



6 



To estimate the second term we develop 



< 



J d^z d,f{z) J 
+2 J d'^zd^w\d,f{z)\ 



d w —— — —£,{w) 

tt[w — z) 



d^z\f{z){l + \z\rS,{z)Y 



(1 + kir 



uw)\\f{z)\{i + \zn{z)\ 



7r|w — z\ 

< Ca{dM\ihr+c' J d'z{i + \z\r\az)\' 
+2 / d'zd'w + \z\r \^H\m\ . 

J TT\W — Z\ 

where /(z) is the compactly supported function dzf{z)f{z) and C" is the supre- 
mum of |/(z)|(l + |z|)". The Cauchy-Schwarz inequality implies 



/ 



d'zd'wmz)\{i+\z\r^-^^p^\aw)mz) 



\w — z\ 



< 



d'zd'w\f{z/^^±^{l + \w\r\^{w)\') 



1/2 



:( J d'zd'w\Kz/-^^±^{l + \z\rm\') 



1/2 



The integral J d^z\f{z)\ ^"j^^^j is uniformly bounded with respect to w, and 
/ d-^w\f{z)\ is uniformly bounded with respect to z. We conclude that 



\\{Q-'Arc\\w<c':{f) u\u 



for some constant C'J^{f), and the adjoint {Q~^A)* extends to a bounded map 
from Ha to the Sobolev space Wi . Moreover its range is a set of functions with 
support contained in the compact support of the one-form A. It follows from 
Rellich's lemma that {Q~^A)* is a compact operator on Ha, and more precisely 
is p-summable for any p> 2. m 

Let G be a discrete group acting by local conformal transformations on S. 
It means that any g G G has prescribed domain Dom(£f) and range Ran(5) 
which are (possibly empty) open subsets of E, and g determines an invertible 
conformal mapping Dom{g) — > Ran(g') subject to the following conditions: 

• The unit 1 G G acts by the identity on Dom(l) C S. 

• Dom(g'~^) = Ran(g() for any g G G and g~^ determines the inverse map- 
ping of g. 

• Dom{gh) D h~^{Dom{g)) fl Dom(/i) for any g,h G G. 

In particular one necessarily has Dom(g') c Dom(l). We don't need to impose 

the equality Dom(l) = E. Remark that in general the conformal mapping 
Dom((7) Iian{g) induced by g does not specify g as an element of the group 



7 



G: for example, G is an arbitrary group acting by the identity on E with 
T)om{g) = S for any g G G. Nevertheless, for convenience we will often refer 
to "the conformal mapping g : Dom{g) — > Ran((7)" instead of "the conformal 
mapping Dom(g) — > Kaii{g) induced by g S G" . This is abusive but should not 
create too much confusion. To this data we associate the crossed product 

^0 = C^{^) X G . (12) 

It is the algebra linearly generated by finite sums of symbols fU*, with g ^ G 
and / e (Dom{g)) . The product is given by convolution: 

(/iC/;)(/2c/;) = /i/f c/^g, , 

where /|^ denotes the puUback of the function /2 by the mapping induced by 
gi. The conditions on the domains imply that the product is well-defined and 
associative. We also consider the group ring of G, as the algebra linearly gen- 
erated by finite sums of symbols [/*, with product U*JJ*^ = U*^g^. The point is 
that the Dolbeault operator Q gives rise to a quasihomomorphism between ade- 
quate Frechet completions of the algebras -s^q and ^q. Firstly, s^q is canonically 
represented in the algebra of bounded operators J^{Ha). Indeed, any element 
fU* e sfa acts as a linear operator fr{g)+ : (7^(1]) C^(S), with r{g)+ the 
action of the conformal mapping g on smooth functions by puUback: 

iMg)+ ■ e)(^) - f{z)m^)) , V e e (S) , (13) 

and this makes sense because supp (/) C Dom(5). Moreover, since / has com- 
pact support fr{g)^ extends to a bounded operator on Ha, and one easily checks 
that it yields an algebra homomorphism x/q —> ^(Ha). In the same manner, 
fU* defines a linear operator fr{g)^ : il"'^(E) — > J7"'^(E), where r(g)_ is the 
action of the conformal mapping g on one-forms by puUback. It turns out that 
conjugation with Q also gives a bounded operator fr{g)-Q on Ha pro- 
vided a < — 1. It suffices to remark that the Dolbeault operator commutes with 
conformal transformations, hence 

Q-'Mg)-Q = Q-'fQr{g)+ = fr{g)+ - Q-^[Q,Mg)+ . 

The commutator [Q,/] coincides with multiplication by the one- form Q ■ f = 
dzdzf £ therefore Q~^[Q, f]r{g)+ is compact by Lemma \TT\ Hence 

fr{g)-Q yields another representation m^q j!f{Ha), which differs from 
the former by compact operators. Consequently, we obtain two algebra homo- 
morphisms {p+,p^) : £/q ^{Ha) ® by setting 

P{fu;)+ - fr{9)+ ® U; , p{fU;)- - Q-'fr{g)-Q ® U; , (14) 

and the difference p+ — p_ is a linear map from ^ to the two-sided ideal 
^P{Ha) ^ SSq for any p > 2. To get a quasihomomorphism we need to com- 
plete: choose a Frechet m-algebra which contains SSq as a dense subalgebra. 
By viewing ^(Ha) as a Banach algebra with operator norm, the completed 
projective tensor product S — ^{Ha)®SS is a Frechet m-algebra completion of 
S£{Ha) ® ^0- Let ^ be the Banach algebra S^'^iHa) endowed with the Schat- 
ten norm || • ||p. The completed projective tensor product J'^SS is a Frechet 
TO-algebra completion of ^^'^[Ha)® S^q- The continuous inclusion J" ^{Ha) 
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induces a continuous homomorphism J'®S^ — > S . In the sequel we assume 
that the latter is injective, which promotes to a (non-closed) two-sided 

ideal in S . This assumption is not really crucial but it simplifies the discussion. 
Following [12] we introduce the semi-direct sum 

gl = g K . (15) 

It is J'®SS as a locally convex vector space, and the product puts as many 
terms as possible in J^®!^. Then is a Frechet m-algebra containing J^®SS 
as a closed two-sided ideal. This situation is depicted by S^J'^SS. The algebra 
is endowed with a canonical action of the group Z2 by automorphisms, and 
we define as the Z2-graded crossed product algebra x Z2. It contains 
J'^^SS as a (not necessarily closed) two-sided ideal where J'^ is the Z2-graded 
algebra of 2 x 2 matrices over and one has \> We refer to [12] for 

details. 

Now the pair (p+ , P- ) : ^0 ^ induces a homomorphism p : jz/q by 
setting p — p^(B (p^ — p^). In fact p is injective, hence we may complete m/q into 
a Frechet m-algebra by taking its closure in S'^. We should keep in mind that 
depends on the choice of completion ^ and of weight a for the Hilbert space 
Ha, but the renormalization calculations performed afterwards will entirely deal 
with £/q and hence are completely independent of these choices. To summarize 
one gets a p-summable quasihomomorphism of even parity 

p: S"" t> (16) 

for any p > 2, according to Definition 3.1 of [12]. p has a Chern character 
ch{p) £ HP'^{£/,3§) in bivariant periodic cyclic cohomology of even degree. Its 
compatibility with the pushforward map p\ in topological X-theory is expressed 
by the Riemann-Roch-Grothendieck theorem of [T^j, through the commutative 
diagram 

1 ^^^^ 

where K^°^{yi^-) HPi{-) is the Chern character in periodic cyclic homology 
and i G Z2. Since the quasihomomorphism is p-summable for any p > 2, ch(p) is 
represented by a hierarchy of non-periodic bivariant Chern characters ch" (p) S 
HC"'{£/, SS) in all even degrees n > 2. They are related by the S'-operation in 
bivariant cyclic cohomology: ch"+^(p) = S'ch"(p) e i/C"+2(^, ^). Hence aU 
the ch"(/9)'s induce the same map tlPii^si) HPiiSS). The construction of 
bivariant Chern characters requires the choice of quasi-free extensions; in the 
present situation we work with the universal free extensions 

where Ts^ is the tensor m-algebra over and its ideal J si is the kernel of the 
multiplication map Tsi — s- si . According to the Cuntz-Quillen formalism [B], 
the pro- algebra Tsi = lim^ Ts/ /{Jsi)^ calculates the periodic cyclic homology 
of si as the homology of the X-complex 

^ tid 

X{Tsi) : Tsi ^ n^Tsi^ , (18) 

6 



9 



where rt^T£/\^ is the universal T^Z-bimodule of noncommutativc one- forms over 
quotiented by the commutator subspace [T^, Jl^T^]. The map [\d is the 
universal derivation d followed by the quotient map 1], and b is the Hochschild 
boundary \]xdy [x,y]. The bivariant Chern character ch"(p) is realized as a 
bivariant cocycle in the Hom-complcx llom{X{T£/), X{T^)), i.e. a chain map. 
We first lift the quasihomomorphism p : S"^ > J'^®^ to a quasihomomor- 

phism 

where ./# — ^{Ha)^T3§ (again we have to suppose that J^®TS^ is 
injective). The homomorphism is constructed from a pair of homomorphisms 
, p*_) : Tsi defined on a chain x = j\lJ*^® . . .® fkU*^ G T^/ by the 

formulas 

p4^)+ = (/i/l^ •./f-"-'V(5,...gi)+)® ([/;«... ® , 

P*i^)- = Q-^{hfl' ■■■Ik-'-''r{gk...gi)-)Q®{Ul®...®Ul) . 

We use the convenient representation of the Z2-graded algebra in terms 
of 2 X 2 matrices [12] , and introduce the odd multiplier F = ( i J ) • Then we 
can write = (^''*(^'+ ^ j g for all x g Ts^. Since the difference 

— is compact one has [F,^^] C J^^^T3§. The homomorphism 

/5* is compatible with the adic filtrations induced by the ideals Jx/, JSS and thus 
extends to a homomorphism of pro-algebras : Ts^ The bivariant 

Chern character of degree n is given by the composition of chain maps 

ch"(p) : X{fsi) hf^/ ^ ^ X{f^) , (19) 

where 7 is the homotopy equivalence between the X-complex and the completion 
of Connes' (6 -|- i?)-complex [2] of noncommutative differential forms fl (see for 
example [H]), and x" has only two non-zero components Xo • T3§ 
and X? : f^^f given by 

r(i -I- n) 

Xo(a;oda;i...dx„) = (-)"—— 1^ ^ e(A) r(a;A(o) 2:a(i)] . . . [i^, a;A(„)]) 

Xr(xod.Ti . . . dx„+i) = (-)" / V r^(xo[F, xi]...dx,... [F,x„+,]) . 

Here Sn+\ is the cyclic permutation group of n -I- 1 elements, e is the signature 
of permutations (here it is always 1 since n is even), and r is the operator 
supertrace. For n = 2 it is necessary to replace t t' — }^t{F\F^ ]) in order 
to ensure traceability. The relation ch"^^ (p) = 5ch" (p) is a consequence of the 
fact that the difference between the cocycles x" and x"^^^ is a coboundary in 
the Za-graded complex Hom(f]^, X(f ^)): 

x" - = (^d e h) o ^"+1 + ^7"+! o (& + B) . 

The eta-cochain j^'+i is an odd element of the above Hom-complex and has 
only two non-zero components 77^+^ : fi"+^.-#^ — > and ry"+^ : ^ 
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n^f^^^ given by 



r(ii + 1) 1 / 

^+i(xoda;i...dx„+i) = -j-^—^-T\^Fxo[F,xi]...[F,Xn+i]- 



n+l 



^+^(xod.xi . ..dxn+2) = 



r(f + 1) 



(n + 3)! ^ 2 



:^A{txoF + (n + 3 - i)Fxo)[F, xi] . . . dxi . . .[F, X. 



n+2\ 



Define 9h"+^(p) as the composition X(f^) ^ fif^/ ^ X(f^). 
Hence the transgression relation ch^{p) — ch"~''^(p) = [d,(^"^^{p)] holds in the 
complex Hom(X(Tj2/), X{T^)), where d denotes the X-complex boundary and 
[ , ] is the graded commutator. 

These formulas are not really efficient for computations because taking the 
trace of products of operators involving the Green's function Q^^ are non- 
local. In [T3] we presented a general method giving local representatives of the 
bivariant Chern character, by renormalization of the eta-cochain. Let us recall 
how this can be used to calculate the diagonal of the commutative diagram (fT7|) 
in odd degree: 

i^f P(^®^) K\°^{ J®^) 



(20) 



ch(p) 



A topological iiT-theory class [u] e K^°^{,y^s^) is represented by an invertible 
element u € {J'^s^)'^ such that u — 1 G J'^s^ (as usual + denotes unitaliza- 
tion of algebras). The diagonal of the diagram thus carries [u] to the periodic 
Chern character ch(p!(M)) € FiPi{SS). If one wants to use the non-local for- 
mulas, the diagonal is equivalently calculated by a cup-product between the 
Chern character ch(u) e HPi{£/) and the bivariant Chern character of the 
quasihomomorphism : 

ch(p!(w)) = ch(/9) • ch(w) . (21) 

In order to renormalize and get local formulas it will be necessary to impose that 
u — 1 belongs to the dense subalgebra of finite size matrices Moo(^o) C J'^s^ . 
Indeed, the algebra J'®s^ is too complete in general and the renormalization 
procedure used in the sequel works only with appropriate "smooth" elements. 
By [S], the Chern character ch(u) e HPi{£/) is represented by the cycle of odd 
degree in the complex X{T£/) 

chi(u) = — ^Triiu^Mti en^f^, (22) 
V27ri 

where u is any lifting of u to the unitalized (matrices over the) tensor algebra 
Moo(T^)+. If one chooses the canonical lifting u — u induced by the linear 
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inclusion ^ T^/, then the image of chi(u) under the homotopy equivalence 
7 : X{fs^) hfs/ is the (6 + B)-cycle [H] 

7chi(M) = ^L=y(-)"n!Tr(u-Mu(du-M?i)") . 

n>0 

For any choice of integer n > 1, the evaluation of this differential form under the 
chain map x^"/9* : ilT^^/ X{T3§) yields the representative ch^"(/9) • chi(u) 
of the class ch(p!(M)). Let us define V = ptU~^[F, p^,u] as an element of the 
ideal J^^^T^ C and the Maurer-Cartan form uj = /9»M^^d(p»{t). Here we 
identify ^{Ha) with Afjv(C) (8) ^{Ha) for iV large enough in order to get rid 
of matrices. A straightforward computation gives 

ch2"(p) • chi(w) = ^L-^ Ir^iy^'^+^LJ - FV^'^dV) € Q^f^b 

for any n > 1. For n > 1 one has ^t[\{V'^''+'^lu - FV'^''dV) ^ t\\{V'^''lu), but this 
simplification does not hold in degree n — 1 because the supertrace r is defined 
only when V is raised to a power > 3. Two consecutive degrees are related by 
the transgression relation 

ch2"(p) • chi(u) - ch2"+2(p) . chi(u) = ^d(9h'"+'(p) • chi(u)) . (23) 

Since the boundary map tjd : factors through the commutator 

quotient space T^i^^^ = T[^/[ , ] it is enough to compute (fci^^'^'^ {p) ■ chi(u) 
modulo commutators and one finds 

for n > 1. Of course the chain (fa^{p) ■ chi(M) corresponding to n = does not 
exist because FV e J'^®TSS is not trace class. The trick used in [T3] is to 
renormalize this quantity by any method, and write the Chern character as the 
boundary of a formal power series. Let us denote in the form of a 2 x 2 matrix 
p*u = ("o^ q-i° _q)' ■^it^^ ^+ and Q^^u-Q in ^(Ha)®fs§. Then V reads 

\Q-^A j A:=u_Qu+~Q. 

One has Q^^A ^ ^®T^ by Lemma HHJ A simple calculation yields 

^9b^"+^(p)-chi(a)^ \-^^——\ (i + o-M/2) 



Tr is the operator trace on iJ^. This quantity may be viewed as a formal power 
series in A by taking the Neumann expansion + — X)a:>o(~'3^^^)'^- 

Of course the series is divergent in general but it contains all the information 
we need. Writing the corresponding series for n = 0, without taking care of 
traceability we would get 

^9hi(p) • chi(?i) = ^= (Tr^(g-M) - iTr^(Q-MO-M) + degree > 3) . 
V27ri 2 
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The terms of degree > 3 are well-defined because the traee is finite. Thus only 
the first two terms need renormalization. This will be done explicitly in the 
next section, and this point uses the fact that u — 1 G Moo(^o)- Once this 
renormalization is performed, we denote by {p) •chi('u) the formal power 

series obtained for any values of n > 0. The first term of this series has degree 
2n + 1 in A, and thus increases with n. As a consequence, the infinite sum 

WniA) ■.^V2^iJ2 ^(^r''\p) ■ chi(«) (24) 

n>0 

makes perfectly sense as a formal power series in A. It is not convergent in 
general. Proceeding as in [T^] Lemma 4.2, one finds that the term of degree k in 

this expansion is simply W'^{A) = ^^^^ — Ty[\{{Q^'^ A)^) for fc > 3, and in lower 
degrees 

W}i{A) = Tr^(Q-iv4) and Wl{A) = - '^Tr^iQ-^ AQ-^ A) 

are renormalized quantities. Note that renormalization is not unique, and in 
general Wii{A) is defined modulo addition of a "local" polynomial P{A) of de- 
gree 2. The series Wii{A) can be depicted in terms of Feynman graphs as follows. 
We represent the Green's operator by an arrow Q"^ — — ) — and the insertion 
of potential A = • by a, point. The products Q^^AQ^^A . . . are represented by 
chains, which are closed by taking the trace Tr\\. Hence Wii{A) is given by a 
formal series of loops 



Each term of this series lies in T^^, . Its universal derivative under the boundary 
map d : T^[, O^T^^ may be computed by means of the BRS transformations 
[8] . We make the convention that the operators A and Q have odd parity, which 
means that d anticommutes with Q, and the derivative of A = uZ^Qu+ — Q 
reads 

dA= -{Q + A)Lu+-Lu^iQ + A) , (25) 

with the 2x2 matrix notation uj ^ (^'^^ q^^I q)- ^ simple computation (see 
[13j ) shows that in the sense of formal power series the derivatives of graphs of 
order fc > 3 cancel each other, whereas the low degree graphs yield an anomaly 
A) polynomial in A and linear in w. The anomaly is necessarily a cycle in 
Q^T^\f and thus defines a class of odd degree A(a;, A) e HPi{S§). Diagramat- 
ically: 

Wr{A) = Wl{A) + Wl{A) + W'^iA) + W'^{A)+... 

^\ / \/\/\/\ 

A{lu,A) = AO(co,A) + A^{u;,A) + A^{u;,A) + + 0... 

Each component of the anomaly A''{uj,A) is a homogeneous polynomial of de- 
gree k in A. At the same time, taking the boundary of the series and using 
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the transgression relation valid for n> 1 yields 

dWR{A) = V2^i {\\d{c^l{p) ■ chiiii)) + ch\p) ■ chi{u)) 

and shows that the anomaly A{u!,A) defines the same cyclic homology class as 
\/27ri ch(p) • ch{u) in HPi{S§). Thus we have proved 

Proposition 2.2 Let u G Afoo(^o)^ &e '"^ invertible element representing a 
class in kI°^{£/). Denote by p^u — ("J" q-^u q) image of its canonical 

lifting u under the homomorphism p^ : Ts^ — > For any renormalization 

of the low-order graphs of the formal series Wr{A) associated to the "gauge 
potential" A = uZ^Qu^ — Q, the anomaly 

A{lu,A) = V2^ich{p,{u)) eiJFi(^) (26) 

is a polynomial of degree at most 2 in A which computes the diagonal of the 
commutative diagram i20\) . up to a factor yphTi. ■ 

Let us write explicitly the elements A and a; in terms of the given invertible 
u S Moo(M))^- By hypothesis, the difference w — 1 lies in Afoo(j2^i) hence it is 
a finite sum 

u-\ = Y,u{g)U; , 

with components it(5) in the matrix algebra over C^(I]). Since is repre- 
sented by a bounded operator on TJ^ by pointwise multiplication, the canonical 
lifting = p^iu)^ reads 

see 

where r{g)+ is the representation of G by puUback. Recall also that we have a 
"minus" representation r{g)^ acting on the space of one-forms over S, and the 
lifting = Qp^,{u)^Q^^ is given by an analogous formula. We may rewrite 
this as 

u±-l^Y.^^9>^9)± with u{g):=u{g)®U;^M^(C^(i:))®fS8 , 
g&G 

and the algebraic tensor product C^^{^) ®f^ = lim^ C~(S) ® TS§/{Jd§f is 
defined in the sense of pro-algebras. The explicit formulas for the inverses 
are more complicated. Setting u^^ — 1 = X^gec '^^^i9)^g ^^^'■^ finds a series 

ug^-l^Y.u-\g)rig)±^U; + 
gee 

E (l + E ^~'(3)K.9)± ® U;) ( uih)u-\ifr{zh)± ® - U*^ ® U*))" 

7i>l geG h,i£G 

where u~^{i)'^ is the puUback of the function u~^{i) e Moo(C^(S)) by the 
conformal mapping h. Since J/^ — U^® U* is in the ideal JS§ the sum over n 
converges for the J^-adic topology of TiiS. As before we can decompose 

geG 
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but now the components u~^{g) are given by complicated expressions and the 
sum over g G G is pro-finite. Let us compute, taking the equivariance relation 

Qr{g)+ = r{g)-Q into account, 

Qu+ - U-Q = ^{Qu{g)r{g)+ - u{g)r{g)-Q) = ^ Q • u{g)r{g)+ . 

gGG gee 

OnehasQ-u{g) = {Q-u{g))®U* G Moo{^"^'\^))®f,^ and Q-u{g) = dzdzu{g) is 
a matrix-valued one-form viewed as an operator. This allows to write explicitly 
the gauge potential A = uZ^Qu+ — Q as 

A=Y^ A{g)r{g)+ , Aig) = ^ u-\h){Q-uigh-')f G M^in°/{E))<S)f^ 
geG heG 

where denotes the pullback of differential forms by the conformal mapping 
h. The fact that A{g) is a (matrix of) smooth compactly supported differential 
form with values in enables to view the fc- linear functionals W''{A) as 
distributions. Finally, the Maurer-Cartan form may also be decomposed, 

w± = ^ co{g)r{g)± , u{g) = ^ u-\h){du{gh-^))'' e M^{C^{iy))m^f3§ 

geG heG 

and the BRS transformation = —{Q + A)llj+ — lv-{Q + A) explicitly reads 
dA = -J2Q- ^{9) r{g)+ - Yl {MhMgf + uj{h)A{gf)r{gh)+ . (27) 

geG g,heG 

3 Conformal renormalization 

In this section we renormalize the low-order terms of the formal power series 
Wr{A) associated to a given gauge potential 

A=Y^ A{g)r{g)+ , A{g) e M^in^/i^:)) ® , 
geG 

and calculate the corresponding anomaly. We write A(g) = dzAz{g) and view 
the component A-(g) G Moo(C^(E)) (E) T,'^ as a matrix of smooth compactly 
supported functions with values in the pro-algebra T^. As before we denote 
by Tr the operator trace on Ji'{Ha) and by tl : — > T=^[, the projection onto 
the commutator quotient space. The k-th term of the series 

W''{A) = ^ — Tr\\{Q-^A)'' G T^i, 

should be defined as a fc-lincar fimctional of the test functions A-(g), i.e. a 
distribution, with values in T^\^ . For /c > 3 we know that the operator trace is 
finite and W''{A) is indeed a distribution. For fc = 1,2 the task is therefore to 
give a distributional meaning to the ill-defined quantities 

Wk{A) = Tr^(Q-iA) , wUA) = -^Tvli{Q-' AQ-' A) . 
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The operators Q ^ and A{g)r{g)ji- have distribution kernels whose evaluation 
at two complex points (z, w) G S x S reads 

Q-\z,w) = \ , {A{g)r{g)+){z,w) = A^{g,z)d^ig{z) - w) . 

A^ig, z) S denotes the evaluation of the function A^ig) on point z G S, 
and 5'^{g{z) — w) is the Dirac current associated to the submanifold w = g{z) 
of S X E. Also recall that by definition g is & holomorphic function of z, and 
supp^(5) e Dom(g). 

The renormalization procedure will be based on the following fundamental 
result. Fix a point zq G S and for some integer n > I consider the meromorphic 
function 

Then / is smooth over E\{zo} and has an isolated singularity at z = zq. Our 
task is to extend / to a distribution over the entire plane E. This can be done 
as follows. For n = 1, the Cauchy kernel l/(z — zq) is a locally integrable 
function over E, hence it canonically defines a distribution. According to the 
terminology of Epstein and Glaser [7], its singularity order at zq is —1. There 
is no ambiguity in that case. For n = 2 unfortunately, the function l/(z — zq)^ 
is not a distribution. However one has, for z 7^ zq, the equality of functions 

1 „ / 1 

= -5, 



and the right-hand-side makes sense as a distribution over the entire plane. 
Thus we can define the distributional extension of / accordingly. Note that its 
singularity order is 0. Now this extension is not unique. Indeed if / denotes 
another extension, the difference / — / is a distribution with support localized 
at {zq}, hence it is necessarily proportional to a finite sum of derivatives of the 
Dirac measure (5^(z — zq). If one requires to preserve the singularity order, one 
thus finds that all the possible distributional extensions are given by 

^ ~d,^—+aS^iz~zo) (28) 



(z - zo)2 z - zo 

for some parameter a. Among all these possibilities only the choice a = is 
conformally invariant. Indeed if w ~ h{z) is any other complex coordinate 
system around the singularity, with h a holomorphic function and wq = h{zo), 
one has the equality of distributions 

1 \ f z — Zq \ ^ ( 1 



= du 

Z — Zq J \W — J \W — Wq 

This shows that for a — the extension only depends on the complex structure 
of E. The situation for n > 2 is analogous: all the possible distributional 
extensions of l/(z — zq)" with singularity order n ~ 2 are given by 

^ ^'^"\dir'(^—]+Pid^,d^)S^iz-zo), (29) 



(z-zo)« (n-1)! ' \z-zo 
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where P{dz, &z) is a polynomial of degree rt— 2 in the derivatives. Only the choice 
P = yields a conformally invariant distribution: for any complex coordinate 
system w one has the equality of distributions 



~ Zq / \W — Wq / \W — Wq 

This kind of renormalization scheme is well-known in conformal field theory 
models. In our case the simple formulas and are sufficient to renor- 
malize the formal power series Wr{A). The general theory of renormalization by 
distributional extension (or distributional splitting in the Minkowskian frame- 
work) is due to Epstein and Glaser [7]. 

Let us start with the tadpole graph VFj^(A). The operator trace of Q~^A is 
obtained by integrating its distribution kernel along the diagonal. Disregarding 

traceability, one gets formally 



II n[w — z) ^-^ I TT{q[z) — z) 



This expression will make sense once we interpret the function z ^ Xj {g{z) — z) 
as a distribution. We see that the ambiguity comes from the singular points 
where the function g(z) — z vanishes, i.e. at the fixed point set of the mapping 
g. Renormalizing W^(^) thus amounts to extend the function l/{g{z) — z) to 
a distribution in the neighborhood of all fixed points. The Taylor expansion of 
the holomorphic function g around a given fixed point zq = g{zo) € Dom(g) 
leads to 

giz) - z = (z - zo){g'izo) - 1) + ^^^^/(^o) + ■ • • + g^"\zo) + ■■■ 

We say that the fixed point zq is of order n (with 1 < n < oo) if g{z) — z behaves 
like (z — Zq)" when z — > zq, that is, if the first non-vanishing term in the Taylor 
expansion is (z — zq)". Hence a fixed point of order 1 verifies (?'(zo) ^ 1; in 
other words its tangent space is not fixed by the tangent map. A fixed point of 
order > 2 has a fixed tangent space (g'(zo) = 1), and g differs from the identity 
only by the higher order jets. A fixed point has order n = oo if and only if g is 
the identity mapping in a neighborhood of zq. Note that for a fixed point zq of 
order n < oo, the function 



(30) 



is holomorphic in a neighborhood of zq. Now the distributional extension of the 
function l/(g{z) — z) depends on the order n. Three distinct cases can occur: 

i) 71 = 1: Then zg is necessarily an isolated fixed point and one has the equality 
of functions 

g{z)~z~V^o"''''"^'' 

for z 7^ Zq. We know that l/(z — zq) is already a well-defined distribution on a 
neighborhood of zq, hence also l/{g(z) — z) and the quantity W^{A) does not 
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need any renormalization in this case. 



ii) 2 < n < oo: Then zq is necessarily an isolated fixed point and one has the 
equality of functions 



g{z) - z [z- zq) 

for z ^ zq. According to the discussion above we perform the distributional 
extension ^ 

' /~''".M ^r' f^— 1 KzAz) . (31) 

g{z)-z {n-l)\ \z-zoJ S'^"^ ^ ^ ^ 

It is not unique and one could also add a linear combination of the Dirac mea- 
sure 6^{z — Zo) and its derivatives up to order n — 2. 

ill) n — oo: Then g(z) = z in a neighborhood of zq, hence all the points 
are fixed. In this case the function l/{g{z) — z) has no meaning at all, and 
renormalization consists in replacing the function by any quantity, for example 
zero: 

> . (32) 

g{z) -z 

Again this choice is non-unique and any other numerical value would work as 
well. 

Remark that the distributional extension given in case ii) also gives the 
correct answer when n = 1. We deal now with the second graph W^{A). Inte- 
grating the distribution kernel of the operator Q~^AQ~^A along the diagonal 
one formally gets 



A-{g, z) A-^{h, w) 



g,heG'' z)n{g{z)-w) 



6^{h{w)-v) 



g,heG 



ijA^jg, z)A-^{h, w) 
7r'^{h{w) — z){g{z) — w) 



Again, this expression will make sense once we extend the function of two vari- 
ables (z, w) l/{(h{w) — z){g{z) — w)) to a distribution in the neighborhood of 
singular points. Since h is a diffeomorphism, the function l/(/i(w) — z) actually 
defines unambiguously a distribution of two variables, with singular support 
restricted to the diagonal h{'w) = z. The same is true for l/{g{z) — w). Hence 
only the product of these two distributions may be ill-defined on their common 
singular support, i.e. at points {zq^wq) such that h{wo) = zq and 5(^0) = wq. 
This implies that zq = hg{zo) and wq = gh{wQ) must be fixed points, and the 
task is to extend the fimction l/{{h{w) — z){g{z) — w)) to a distribution in the 
neighborhood of (zq, u'o)- before this depends on the order n of the fixed 
point Zq (or equivalently wq): 

iv) n = 1: Then zq is an isolated fixed point of hg, and wq an isolated fixed 
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point of gh. We perform the change of variable w = g{v) around wq and write 



1 

{hg{v) - z){g{z) - g{v)) 



{hg(v) - z){z - v) \g{z) - g{v) J 

1 / 1 _^ 1 \ z-v 
{hg{v) - v) \hg{v) - z z-v J g{z) - g{v) 

Since is a diffeomorphism, the quotient {z — v)/{g{z) — g{v)) is a holomorphic 
function of the complex variable z—v. By hypothesis the fixed point vq = zq is of 
order 1, hence the function hg(v) — v is equivalent to {v — vo){{hgy{vo) — 1) when 
V — > vo, and the inverse function l/{hg{v) — v) unambiguously extends to a dis- 
tribution in a neighborhood of vq. Moreover, the complex variables hg(v) —v and 
z — v are independent, so the product of distributions l/{hg{v) — v) and l/{z — v) 
is well-defined. Similarly for the product of l/{hg{v) — v) and l/{hg{v) — z). 

v) 2 < n < oo: Then zq and wq are isolated, and by the same change of variable 
w = g{v) one still has 

1 1 / 1 1 \ z-v 

{h{w) - z){g{z) - w) ihg{v) - v) \hg{v) - z z-v J g{z) - g{v) 

Now the function l/{hg{v) — v) does not extend canonically to a distribution at 
the fixed point vq = zq. Proceeding as before we renormalize 

and the r.h.s. makes sense as a distribution in the variable v. For the same 
reason as case iv) taking products with \/{z — v) or l/{hg{v) — z) also yields 
well-defined distributions. It is interesting to investigate the freedom one has 
in the choice of this extension. We know that the distributional extension of 
l/{hg{v) — v) is not unique and we can add a linear combination of S'^(v — vq) 
and its derivatives up to order n — 2. But these local terms will not contribute 
to the final result because 

d'^dLs^v - vo) (j-j^^ + = 

\hg{v) — z z — v J 

in the sense of distributions whenever k + I < n — 1 (indeed {hgy{vo) = 1 and 
the higher derivatives of hg vanish at vq up to order n — 1). Hence unlike the 
tadpole graph situation, the renormalization of W^(A) is unique in the case of 
isolated fixed points. 

vi) n = oo: It means that hg{z) = ^; in a neighborhood of zo, or equivalently 
gh{w) — w m & neighborhood of wq. As usual use the change of variables 
w =g{v): 

1 _ 1 _ -1 / z-v \ 

{h{w) - z){g{z) - w) {v - z){g{z) - g{v)) {z - vf \g{z) - g{v) J ' 



1 

{h{w) - z){g{z)-w) 



19 



The quotient {z — v)/{g{z) — g{v)) is a holomorphic function oi z — v, but the 
function 1 / (z — u)^ docs not extend canonically to a distribution on the diagonal 
z = V. We renormahze 

—1- ^ , (34) 

[z — vy z — V 

so that everything makes sense. In this case the renormalization is not unique, 
it is always possible to add a term proportional to the Dirac measure 5'^{z — v). 

The higher order graphs W''{A) for fc > 3 are unambiguously defined because 
the operator trace converges. For example the triangle graph may be evaluated 
as 

1 /" j2 ,2 ,2 z)A-^{h, w)A-(i, v) 



g,h,ieG 



TT^{i{v) — z){g{z) — w){h{w) — v) 



and the function (z, w, v) l/{i{v) — z) {g(z) — w) {h{w) — ?;) extends to a unique 
distribution with the same singularity order on the diagonal. This can be seen 
as follows. Perform the change of variables w = g{s), v = hg{u) and write 
outside the diagonal 

1 1 



{i{v) - z){g{z) - w){h{w) - v) {ihg(u) - z){g{z) - g{s)){hg{s) - hg{u)) 
1 z-s 1 



{ihg{u) - z){z- s) g{z) - g{s) hg{s) - hg{u) 

1 1 \ 1 

+ 



ihgiu) - z z-s) {ihg{u) - s){s - u) hg{s) - hg{u) g{z) - g{s) 

(s — u)/{hg{s) — hg{u)) and (z — s)/{g{z) — g{s)) arc holomorphic functions. 
l/{ihg{u) — z) and l/(z — s) are well-defined distributions. It is therefore suSi- 
cient to find a distributional extension to the function l/{{ihg{u) — s){s — u)). 
This was already done in items iv) - vi) above, and depends on the nature of 
the fixed points uq of the mapping ihg. If uq is isolated then we know that the 
extension is unique. Otherwise if ihg{u) = u in the neighborhood of uq then all 
possible extensions (with the same singularity degree) are of the form 

^ o du — h a6^{u - s) , 



{u — sY 

for some parameter a. But the ambiguity carried by the Dirac measure does 
not affect the final result, because 

^ ) (52(u-s) = . 



, M — Z — S 

/3 



Hence VF^(A) is uniquely defined as a distribution. 

Let us now calculate the anomaly, i.e. the image of the formal power series 
Wn{A) = Wl{A) + Wl{A) ^W^{A)^... 

under the boundary map d : T!^\^ Vi}^TSS^. It amounts to derive each func- 
tional W^(^) according to the BRS transformation = — (Q + ^)w+ — 
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LU^{Q + A). In terms of the components A{g) e A/oo(f^c'^(S)) (g) and 
e Afoo(C;^(S)) » l^^f ^ Equation 1^ yields: 

dAj(5,z) = 5stj(5,z) + 

J2 {Mh, zMgh-\ h{z)) - Lu(h, z)dyW)A-h{9h-\ h{z))) 

heG 

at any point z S S. From Proposition l'i . 21 we know that the anomaly A{uj,A) = 
A^{oj,A) + A^{u!,A) + A'^{uj,A) is a polynomial of degree at most 2 in A. 
Because the ambiguities of renormalization are localized at the fixed points of 
the conformal mappings, the anomaly itself is necessarily given by a formula 
localized at fixed points. 

Proposition 3.1 For the conformal renormalization chosen above the anomaly 
is a polynomial of degree one in A. Its component of degree zero A'^(uj,A) is a 
sum over the isolated fixed points for all mappings g G: 



r,c^n 1 -'■ 



(35) 



geO zo=g{zo) 
isolated 



where n denotes the order of the fixed point zq. The component of degree one 
A^(uj,A) is an integral over the manifold of non-isolated fixed points: 

A\Lu,A)^-y] f d'z\^{d.-ldAng'{z))A-{g,z)u;{h,g{z)) . (36) 



g,heG' 



Proof: Let us calculate the variation of the tadpole graph W}i{A) under the 
BRS transformation. It is the sum of a degree zero term and a degree one term 
with respect to A, 

E / / w\ _ ^ ^{Mh, zMg, h{z)) - uj{h, z)d^h{^Aj^{g, h{z))) 

and the function 1/ {g{z) — z) is extended to a distribution at singular points by 
i) - iii) . The degree zero part of the anomaly comes entirely from the first term. 
Hence 



AO(.,A).E/.^.-^-^^a..(,, 



z) 



and we can integrate by parts because this integral is the evaluation of a dis- 
tribution on the test function dzU!{g,z). Since l/{g{z) — z) is a holomorphic 
function when 17(2) 7^ z, its dz derivative vanishes but the singular points may 
contribute. Hence we can suppose that the support of Lu{g) is concentrated in 
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the neighborhood of an isolated fixed point zq of order n < oo and calculate 
= J d'zj^^_6\z- zo)dr'{H^^,^{z)\iu;{g,z)) 



There is no contribution from the non-isolated fixed points because l/{g{z) — z) 
is renormalized to zero in that case. Hence summing over all 5 e G and all 
isolated fixed points one gets 

geGzo=g{zo) ^ ' 
isolated 

The second term of dWj^^A), linear in A, will contribute to the degree one of 
the anomaly A^(a;,A), but there is also another contribution from the BRS 
variation of W'^{A). The latter is a sum of a linear term and a quadratic term 
in A: 

dW|(A) = -^ I d^zd'^wi\{d^{g,z)A^{h,w) + A^{g,z)d^{h,w) 

+ [A,ujUg, z)A^(h,w) + A^{g, z)[A,ujy{h,w)) /{(h{w) - z)(g{z) - w)) . 

One could be tempted to use the apparent symmetry (g, z) ^ {h, w) to simplify 
the numerator. However it is not obvious that the choice of distributional ex- 
tension we made for the fimction 1 / {{h{w) —z)(g{z) — w)) actually possesses this 
symmetry. Let us integrate by parts the contribution of dW-^{A) to A^(w, A). 
As before only the singular points are relevant; hence we first investigate the 
role of an isolated fixed point zq = hg{zo) of order n < 00. The renormalization 
performed in iv) - v) yields 

1/1 1 \ z-v 

+ 



{h{w) - z){g{z) - w) {hg{v) - v) \hg{v) ~ z z - v ) g{z) ~ g{v) 
with the change of variables w = g{v) and the distributional extension 

1 (_)«-! 



{hg{v) — v) (n — 1)! " \v — Vq 

around the fixed point vq = zq- Then we integrate by parts, keeping the relation 
w = g{v) in mind: 



If 1 

- j SzSw ^2(/,(^,) _ _ z)A^{h, w)+A^{g, z)dyjw{h, w)) 

<fiz(fw 1 



-1 



o 2 lu T\ \^\irT~\ ^ ) — '--r^'^'^{9,z)A^{h,w) 

27r2 {hg{v)-v) \hg{v) - z z - v J g{z) - g{v) 
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(fzcPw 
27r2 



1 z — V .dv 



27r {hg{v) — v) 



(-S\hg{v)-z) + 5^{z-v)) 



+ 



+ 



J 



27r {hg{v) ~ v) \ dv 

'2^ J2„„ 



'^'^5\hg[v)-z)-5\z-v) 



g{z)-g{v) 

Z — V 



\\u{g,z)Auj{h, w) 



g{z)-giv)^^-^'^'^^''^^^'"^ 



1 



z — V &v 

27r^ (hg{v) — v) \hg(y) — z z — vj g{z) — g{v) ow 



1 1 
+ 



Before evaluating separately these last three integrals, we need to establish some 
identity. Around the fixed point wq of order n (or equivalently the fixed point 
wq = g{vo)) one has the equahty of distributions 



dl 



iTl— 1 



1 



V — Vq / \W — Wo 



v -vo 



= dl 



n—1 



1 



w — Wo 



The quotient {hg{v) — v)/{gh{w) — w) is a holomorphic function of v in the 
neighborhood of vq since gh{w) — w = ghg{v) — g{v). Hence we deduce the 
distributional identity 



1 hg{v) — V 
hg{v) — V gh{w) — w 



•_^n—l 




gn 


n-1)! 


•_^n-l 




gn 


n-1)! 


1 






gn 


n-1)! 


•_^Tl-l 




gn 


n-1)! 



1 \ {v — Wo)" hg{v) — v 



V 


- vaj 




' ) 


V 


-voj 




' ) 


V 


- VoJ 






w 


- Wo, 



hgjv) - V 

gh{w) — w 



n— 1)! " \v — Vo ) hg{v) — V gh{w) — w 

1 \ ( V — vo\^ {w — Wo)" 



gh{w) — w 
Now we can evaluate the first integral: 
di^zdi^w 1 



I 



Z — V 



27r {hg{v) — v) 
d^w 1 



{-6\hg{v) -z)+S^{z- v)) -^(^j-r^^^^9, z)A^{h, w) 



_ r d^w 
J 2tt 



ZTT (ng[v) — V) \ gn(w) — w ow 
d^w \\u){g,h{w))Ayj{h,w) f d'^v \\u;{g,v)dyg{v)Ag{h,g{v)) 



+ 



f dhj_ 
J 27r 



gh{w) — w 

We proceed similarly with the second integral: 

d'^zd'^w 1 



{hg{v) - v) 



9h9^5\hg{v)-z)-5\z-v) 



2% {hg{v) — v) \ dv 

d'^w 1 / dhiw) hg(v) — v , . , ^.dv , 

T a- u ^AT^{gMw))j-uj{h,w) 

2n [hgyv) — v) \ dv gh{w) — w dw 



-^-p-^^A,(g,z)-.,(/^,t.) 



dv 



dw 



\A-{g,v)Lo{h,w) 
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^ f (fw \]d^h{w}A-{jjJ,{y))^ili,w) fd^v ^A-{g.t:)^-{h,!j{v)) 
J 27r gh{w) — w y 27r hg{v) — v 

For the third integral we write exphcitly the renormahzed form of l/{hg{v) — v): 

f (fzcfw „ 1 / 1 '^\z-v,.,^dv,, . 



1 1 

— 2: Z — V 



z — V dv 
(/(z) — g(v) ow 



f (PzCpW (-)" ^ „„_lc.2/ N rrr7 / X / 1 1 



i\A^{g,z)—u}{h,w) 



g{z) - g{v) ' dw 
It vanishes because we already know the identity 

d^-^5\v - Vo) f ^-y^ + = . 

\hg{v) — z z — V J 

Collecting these results we see that the contribution of an isolated fixed point 
to the variation dT4^j?.(^) is, at linear order in A, 



4/ 



z)A-^{h, w) + A^{g, z)dyjLo{h, w)) 
n'^^h^w) — z){g{z) — w) 



J ^ gh{w) - w ^^""^^ ~ ^"^^^^ ^^""^^^ 

^ hg{v) - V ^^""^^ " ^^""^^^ ■ 

Hence summing over (7, ft, G G it is exactly canceled by the analogous term 
coming from dVF^(A). We conclude there is no contribution of the isolated 
fixed points to A^(ti;,^). It remains to look at the non-isolated fixed points. 
Hence suppose that hg{z) = 2; in a neighborhood of zq. The renomalization 
performed in vi) yields 



{h{w) ~ z){g{z)-w) z - V \g{z) - g{v) ^ 
with the change of variable w = g{v). Since hg{v) = v one has v = h{w). 
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Integrating by parts we find 

\\ {d^{g, z)Ayj{h, w) + A-^{g, z)dyjuj{h, w)) 



+ 



+ 



(Pz (Pw 



TT^{h{w) — z){g{z) — w) 

z — V 



z-vj g{z) - g{v) 



'^u){g,z)A-^{h,w) 



J ^^^'[^ 



27r2 

(Pz(Pw 

2-K 
cPz(Pw 

'hi 



1 



z — V cPv 

I -r-\ — r^'^^z{9,z)^i^{h,'w) 

z — V J g{z) — g[v) ow 



6\z-v)d, 
5''{z - v) 



z — V 



g{z) - g{v) 

Z — V 



\\u){g, z)A^{h, w) 



/X /X ^A-{g,z)^uj{h,w) 
g(z) — g(v) ow 



We Taylor expand g{z) — g{v) around the diagonal z — v = 0: 

9[z)-g{v) 2 

Then perform the integral over z and recall that g'{v) = dw/dv and h'{w) 
dv/dw: 



,2 ,2 '^{^{9,z)A:uj{h,w) + A-^{g,z)dw(^{h,w)) 



d zd w ■ 



Tr^{h{'w) — z){g{z) — w) 



27r V g'{v) 



-g"{v) 1 

2 \\uj{g, v)A-{h, w) + —- [\dyu{g, v)Ayj{h, w) 



+ 



277 



9'{vr 



9'{v) 

1 

7(v) 



liAy{g,v}—Lu(h,w) + -jj-^ \[^yA:^;{g,v)—uJ{h,w) 



I 

/d^w dv 1 
'2Ti"dw^~ 2^"^^^'^^'' '°'^^9,v)Ayj{h,w) + \\dyU}{g,v)ATjj{h,w)) 

2 





dv 


J 27r 


dw 



- -^dy \ng'{v) \\Ay{g, v)w{h, w) + \\dyAy{g, v)oj{h, w)) 

/d^w 1 
{-j^dyj]iih' {w) \\w{g,h{w))A^{h,w) + '^dyjw{g,h{w))A^{h,w)) 

^ ( - 2^" 'CiAy{g, v)u{h, w) + \]dyAy{g, v)oj{h, w)) 

/d'^w 1 
\\{dw - -^d^ In h'{w))Ayj{h,w)uj{g,h{w)) 

+ J ^\\{dy-^dy\ng\v))Ay{g,v)u{h,g{v)) . 

Hence summing over g,h G G we get the desired expression for the anomaly: 

AHio,A)^-y2 I dH^{d,-\dM{z))A^{g,z)uj{h,g{z)) . 



It remains to show that the degree two component of the anomaly A^(w, A) 
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vanishes. We first rewrite the contribution of dW^(^) as 

\\{[A, uj]^{g, z)Aj;j{h, w) + A-^{g, z) [A, w]w(/j, w)) 



V f cfzd^K \\{[A,u\^{g,z)A^{h,w)+A^{g,z)[A. 
t^^y ^ ttHHw) - z){giz) - w) 

£zd^w \i{A^{g,z)u;{t,giz))-u;ig,z)¥Ajii,g{z)))A^{h,w) 



2 

g,heG 



= E 

g,h,iGG 

+ E 

g,h,ieG 



— 27r2 {h{w) — z){ig{z) — w) 

d^zd'w \iA^{g,z){A^{i,wMKi(w)) - u;ii,w)^A^{h,z{w))) 
-27r2 {hi{w) - z){g{z) - w) 



On the other hand, A^{u,A) gets also a contribution from the variation of 
W^A): 

dW\A)= V [d^zd^wd\ J9,.{g,z)A^{h,n^^^^^^^^ , +0{A'). 
g,tieG-' T^^{i{v)- z){g{z)-w){h{w)-v) 

Let us perform the change of variables w = g{s), v = hg{u) and rewrite the 
distribution kernel as 



{i{v) - z){g{z) - w){h{w) - v) 
1 



9{z) - 9{s) \ihg{u) - z z- sj {ihg{u) - s){s - u) hg{s) - hg{u) 

where 1/ {{ihg{u) — s){s — u)) is renormalizcd by iv) - vi). Then wc integrate by 
parts, taking into account that (z — s)/{g{z) — g{s)) is a holomorphic function: 



/ 



t2 ,2 ,2 \\dzLo{g,z)Ayj{h,w)ATj{i,v) 
d zd wd V 



Tr^{i{v) — z){g{z) — w){h{w) — v) 



\\u}{g, z)Aj^{h, w)A:^{i, v) 



r d^w 

J it' 



{ihg{u) - s){s- u) hg{s) - hg(u) 
d^wd^v ihg{u) — s \\uj{g,ihg{u))A^{h,w)Ay{i,v) s — u 



2 gihg{u)-g{s) {ihg{u) - s){s - u) hg{s) - hg{u) 
d^wd^v ( dg{s)\ '^u){g, s)Aiuj{h,w)Ay{i,v) s — u 



f d'^wd'^v / ( 



ds J {ihg{u) — s){s — u) hg{s) — hg{u) 



Now suppose ihg has an isolated fixed point. The renormalization iv) - v) of 
the function l/{{ihg{u) — s){s — u)) implies 

ihg{u) — s 1 



gihg{u) - g{s) {ihg{u) - s){s - u) 

1(1 ^ ihg{u) — s 1 



ihg{u) - u \gihg{u) - g{s) gihg{u) - g{s) s-u^ 
The distribution in parenthesis is a locally integrable function of the variable s 



26 



(it has singularity order —1). On the other hand we have 
1 



{gihg{u) - g{s)){s ~ u) 

1^1,1 \9{s)-9{n) 



gihg{u) - g{u) \gihg{u) - g{s) g{s) - g{u) ^ 

1 ihgiu) -u ( 1 1 \ g{s) - g{u) 



ihg{u) - u gihg{u) - g{u) \gihg{u) - g{s) g{s) - g{u) ^ 
But in the sense of locally integrable functions one has the equality 
ihg{u) — u f 1 1 \ g{s) — g{u) 



gihg{u)~g{u) \gihg{u) ~ g{s) g{s) - g{u) ^ 

1 ihg{u) — s 1 



gihg{u) - g{s) gihg{u) - g{s) s-u 

which shows the (non-obvious) equality of distributions 

ihg{u) — si 1 
gihg{u)-g{s) {ihg{u) - s){s - u) {gihg{u) - g{s)){s - u) 

and also 

ihg(u) — s 1 s — u 

gihg{u) - g{s) {ihg{u) - s)(s - u) hg{s) - hg{u) 

1 



(37) 



{gihg{u) - g{s)){hg{s) - hg{u)) ' 

If ihg is the identity around the fixed point, by renormalization vi) we have 

u — s 1 M — s„l 

■Ou- 



g{u) - g{s) {u - s){s - u) g{u) - g{s) u-s 

^'"^ \g{u) - g{s)J s-u 

^ I gjs) - gju) 

(giu) - 9is)){g{s) - g{u)) s~u 
1 



igiu) - gis)){s - u) ' 
and (|37p is also valid. Now we can continue the computation 



,2 ,2 ,2 iid^{g,z)A^{h,'w)A-{i,v) 
a z a w a V 



TT^{i{v) — z){g{z) — w){h{w) — v) 
tPw(Pv 1 



7r2 {gihg{u) ~ g{s)){hg{s) - hg(u)) 
(PscPv dg{s) 1 



TT^ ds {ihg{u) — s){hg{s) — hg{u)) 
d?w(Pv 1 



t]w(5, ihg{u))Auj{h, w)Ay{i, v) 
\\u(g, s)Ajjy{h, w)Ay{i, v) 



TT^ {gi{v) — w){h{w) ~ v) 
(PscPv 1 xdg{s) 



\]uj{g, i{v))A^{h, w)A-{i, v) 



r2 {i{v) - s){hg{.s) - v) '''''' Os " 



tlt^(.9, s)^^Ag{h, g{s))A-{i, v) 
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Then summing over g,h,i G G and renaming the variables we obtain 
/"j2 ,2 ,2 '!\dz<^{g,z)A-:^{h,w)A-{i,v) 



f (fzd^w(fv- 



2^J TT^{i(v)- z){g{z)-w){h{w)-v) 

(fz(fw 1 



r d zd w -uj{h,i{w))AY{g,z)A-^{i,w) 

27r^ {hi[w) - z){g(z) ~ w) 

Ef d'^wd'^z 1 , , .dg(z) / nn . /, n 



This quantity exactly compensates half of the terms in the contribution of 
dW-^{A). For the other half, we rewrite the distribution kernel with the same 
change of variables w = g{s), v = hg{u): 

1 



{i{v) - z){g{z) - w){h{w) - v) 
s — u 1 



hg{s) — hg{u) [s — u){ihg{u) — s) \ihg(u) — z z — s J g{z) — g{s) ' 

where l/((s — u)(ihg{u) — s)) is renormalized by iv) - vi). Then integrate by 
parts: 



/ 



d^zd^w d^v ^^^(g' ^)^w{h, w)A:iy{i, v) 

iT^{i{v) — z){g{z) — w){h{w) — v) 
d^zd'^wd^v s — u 1 



hg{s) — hgiu) {s — u)(ihg(u) ~ s) 

z — s 



X (6'^{ihg{u) - z) - - s)) — — - \]uj{g, z)Aw{h, w)Ay{i, v) 

9[z)~g[s) 

d^wd^v s — u \\u!{g,ihg{u))ATu!{h,w)Ay(i,v) ihg{u) — s 



7r2 hg{s)-hg{u) [s - u){ihg{u) - s) gihg{u) - g[s) 

(Pwd^v s — u \\u!{g, s)Auj-{h,w)Ay(i,v) f dg{sy 

TT^ hg{s) — hg{u) {s — u){ihg{u) — s) \ ds 

Use the same tricks leading to (|37|) and rewrite this as 



j2 j2.. j2„ \id^{g,z)Aw{h,w)Ay{i,v) 



d z d uj d u 

7:^{i{v) — z){g{z) — w){h{w) — v) 
d^w d^v 1 

ihg{u))Ayr{h, w)A-{i, v) 



7r2 {hg{s) - hg{u)){gihg{u) - g{s)) 
d'^sd'^v 1 dg{s) 



TT^ {hg{s) — hg{u)){ihg{u) — s) ds 
d^wd'^v 1 



— \]uj{g, s)Aw{h, w)A-{i, v) 



TT^ {h{w) — v)(gi(v) — w) 
d'^sd'^v 1 xdg{s) 



\]uj{g, i{v))Aj;j{h, w)A-{i, v) 



{hg{s) — v){i{v) — s) ' ds ^ 



'!\uj{g, s)^^Ag{h, g{s))A-{i, v) 
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Summing over g,h,i Cz G and renaming the variables we obtain 
/"j2 ,2 ,2 '!\dz<^{g,z)A-:^{h,w)A-{i,v) 



2^J TT^{i(v)- z){g{z)~w){h{w)-v) 



E/" (fwcPz 1 , ,. .di(w) XN . / N 

' 27r^ [hiyw) — z){g{z) — w) ow 



gji,i 



which compensates the other half of terms in the contribution of dW^{A). 
Hence A2(cj, A) 0. ■ 

The contribution of an isolated fixed point of order n in the degree zero part 
of the anomaly A°(ijj, A) involves only the derivatives of the mapping g up to 
order 2n — 1 . For example in low orders one finds 

j^d:-\H-^^{z)^u;{g,z))^^^^^ 



2 



2 5"'(^o) 



One recovers the well-known Lefschetz numbers in the case n = 1, whereas for 
n > 1 the higher order jets of the mapping g are involved. 



4 Index theorem 

In this section we shall use the anomaly formula established in Proposition [3?1] 
to calculate the diagonal of the commutative diagram (|17p . Thus as before 
we let S be the complex plane and G be a discrete group acting by conformal 
transformations on E. Consider the set 

r = ]J Dom(5) = {(5, z) e G X S I z e Dom(g)} . (38) 

sec 

It is a smooth etale groupoid for the composition law (g, z) • (/i, w) — [gh, w) 
whenever z = h{w), its set of units corresponding to Tq = Dom(l) C S. The 
crossed product ^/q = G^(S) x: G coincides with the convolution algebra of 
smooth, compactly supported functions over T: to an element a = X^geG '^(•9)^g 
of £/o corresponds the function (g, z) ^ a{g, z) — a{g)(z) over the groupoid. 
We say that a morphism 70 = (g, zq) g F is an automorphism if zq — .g(zo) is 
a fixed point. The order of 70 is the integer n G N U {00} corresponding to the 
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order of the fixed point. According to the discussion of section O an automor- 
phism of order n < oo is necessarily isolated, whereas for n = oo all morphisms 
are automorphisms in the vicinity of 70. Hence the set of automorphisms is 
the union of a discrete set Tf (for n < 00) and a one-dimensional complex 
manifold Too (for n = co). Too contains the set of units Fq. Proposition 12.21 
precisely shows that the anomaly splits as the sum of A°(w, A) localized at F/, 
and A^(a;,A) localized at Vaa- Let us describe these terms in a more intrinsic 
way. 

The component of degree zero in the anomaly psp is a sum over all isolated 
automorphisms 70 = (g, zq) of the numbers 

where n < 00 is the order of 70. Remark that replacing n by any integer m > n 
does not affect the result. The above quantity a priori depends on the complex 
coordinate system 2, and one may wonder if it can be defined intrinsically, i.e. 
by means of the complex structure on E only. 

Lemma 4.1 Let 70 = (3,20) G be an isolated automorphism of order n. 
The linear functional .s/q — > C given by 

a^d--\Hl,^{z)a{g,z))^^^^ 

is intrinsically defined, i.e. independent of the complex coordinate system z. We 
write J — (g, z) € T in a neighborhood of"fo endowed with its complex structure, 
Hg ^^(z) = H"^{'j) and identify dz with d-y. Then summing over all isolated 
automorphisms the linear functional $(F) : .s/q C 

is a trace on 

Proof: Let {g,zo) be an isolated automorphism of order n, and / e C^(I]) be 
a test function. We compute 

dr'{Kz„{z)f{z))^^^^ = (^-Y-^ j d^,d--H\z-z,)^j^-0^f{z) 



J n(z - zo) g[z) - z 

Let w = h(z) be a change of complex coordinate. Hence ft, is a holomorphic 
function with h' — dw/dz ^ 0, and the point wq — h{zo) is fixed by the 
conformal mapping hgh~^. We know the distributional identity 

gn-l 1 ^ (W - Wq)" g„_i 1 

^ z - Zo (z - Zo)" ^ w - Wo ' 



30 



so making a change of variables in the integral yields 

J ow Tr[w — Wo) g(z) — z 

\dw g{z) — z J w=wo 

Now remark that hgh~^{w) — w = hg{z) — h{z) so we can write 

dz {w — Wo)" dz hg{z) — h{z) {w — wo)" 
dw g{z) — z dw g{z) — z hgh~^{w) — w 

The difference g{z) — ^; is of order {z — 2^0)" j hence 

Equivalently it is 1 + 0{(w — wq)"). Differentiating n — 1 times with respect to 
w and taking the value at wq eliminates the remainder so one gets 

ar'w.,(^)/(^))„.. = ^r'( ,,':-:,:,°-„ /f-'w)).,.„ 



Wo 



Hence this quantity does not depend on the choice of complex coordinate system. 
Now take a,b G and compute 

see ' 
20=9(20) 

Change g to 5/1 and rewrite this as 

E 7r^^r'(^^;Mo(^M^^)%,M^))),=,, • 

g,heG 
zo=gh{zo) 

Make the change of variables w = h{z), so wq = h{zQ) is fixed by hg. The 
formula established above gives 

d:-'{HXzo{z)a{h,z)b{g,h{z)))^^^_^ 

= dl-\H]l^^^^{w)a{h, h-\w))b{g, 

= di:,-\Hlg^^^{w)h{g,w)a{h,g{hg)-\w)))^^^^ . 
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By hypothesis wq is a fixed point of order n for hg, hence g{hg)~^{w) differs 
from g{w) by a term of order {w — wq)" which will disappear after taking n — 1 
derivatives at the value w = wq. Thus one has 

= E 7r^9Z-'{Hj:^,^^{w)b{g,w)a{h,g{w)))^^^^ = $(6a) , 

g,heG ^ '' 
wo=hg{wo) 

showing that $ is a trace on s^q. m 

Recall that we decomposed the Maurcr-Cartan form ijj± = ^g^QOj{g)r{g)± 

by means of the components ijj{g) € Moo(C^(S)) (g) fl^T^. Replacing the 
representations r{g)± by the universal symbol U*, we may view the Maurer- 
Cartan form as an element 

(D = ^ uj{g)U* e Moo(M)) O n^f^ , (39) 

where the space Afoc(M)) ^ ft^T,S§ is naturally a bimodule over the pro-algcbra 
Moo(M)) ® f£§. Thus tensoring $(r) : Moo(M)) ^ C with the quotient map 
\\ : Q}f^ Q}f^^ yields a trace ^{T)\\ on the bimodule M^{s^o) O Q}f^. 
The degree zero component of the anomaly is therefore 

AO(a;,^) = $(r)^((I;) . (40) 

The degree one component of the anomaly (w, A) is localized at the man- 
ifold of non-isolated automorphisms, so we have to introduce the convolution 
algebra of differential forms over the groupoid T. Let f^^C^) (bi)graded 
algebra of compactly supported differential forms over S. Since G acts on S 
by conformal mappings, it acts on fi* (S) by puUback, and the crossed product 
n* (S) X G defines a (bi)graded algebra. ^ corresponds to its degree zero sub- 
algebra. Moreover the diff'erentials d = dzd^ and d = dzd^ on commute 
with conformal transformations hence extend to differentials of bidcgrcc (1,0) 
and (0, 1) respectively on fi*(S) xi G. Of course dd + dd = 0, and the de Rham 
operator d = d + d is another differential. Finally, there is a fourth differential 
coming from the action of G on S: define the modular derivative on 0*(S) x G 
as 

D{fU;) = In Ifff /[/; , V / e l^:(S) , 5 e G , (41) 

where the scalar function z i-^ \g'{z)\'^ measures the volume dilatation induced 
by the conformal mapping g. The chain rule immediately implies that D is 
a derivation of degree zero on the algebra f^c(^) ^ ^- Hence by taking the 
commutator with d one obtains a differential 

6=[d,D], 6'^0, (42) 

which anticommutes with d, d and d. Explicitly it reads 5{fU*) — {d\ng') fU*. 
The manifold Too has a complex structure, therefore may be considered as an 
oriented two-dimensional real manifold. It thus defines a fundamental class on 
which genuine two-forms can be integrated. 
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Lemma 4.2 The trilinear functional [T] : £/q x j^/q x jz^q — > C defined by 

[r](ao, ai, = y aodaida2 

is a cyclic 2-cocycle over ^ called the fundamental class of the groupoid T. The 
trilinear functional c\ (F) : si^ x s^q x s^q — > C defined by 



ci(r)(ao, ai, 02) = / ao(dai(5a2 + (5aida2) 

is a cyclic 2-cocycle over £/q called the first Chern class of the groupoid T. We 
define the Todd class as the cyclic 2-cocycle 

Td(r) := [r] - ici(r) . (43) 

Proof: See [9]. The fundamental class and the first Chern class are cyclic cocy- 
cles because integration over the manifold T^c is a graded trace over the algebra 
57* (S) XI G, and is closed for the differentials d and 6 (the modular derivative 
vanishes when localized at automorphisms). ■ 

The Todd class has a simple expression using the differential V = d — ■^S, 
= 0. Since SaiSa2 = for dimensional reasons, one gets 

Td(r)(ao,ai,a2) = / aoVaiVa2 . (44) 

In fact this expression is not a conformal invariant on E because the modular 
derivative D measures the dilatation \g'\'^ of the euclidean volume dzAdz/2i by 
a mapping g, and thus depends on the choice of a volume form besides the com- 
plex structure. There is a priori no reason to prefer the euclidean volume and we 
could as well choose any smooth volume form v. The complex structure plus the 
volume form is equivalent to fixing a Kahler metric on S. As shown in [9], the 
new modular derivative C associated to v modifies the differential 6'^ = [d, D"], 
so that the square of V ~ d — ^5" does no longer vanish but is proportional 
to the curvature of the Kahler metric. Consequently the cyclic cocycle repre- 
senting the first Chern class must be modified by adding a term proportional to 
the curvature, while its cyclic cohomology class remains unchanged. This estab- 
lishes the link with the Todd class of ordinary (commutative) Riemann surfaces. 

Turning to the gauge potential, we decomposed A = "^g^Q A{g)r{g)^ by 

means of the one-forms v4(5) — dzA^ig) £ Moo{^c'^{M))^T^. Hence replacing 
r{g)^ with the universal symbol U*, we may view the potential as an element 

A^Y, MgP; G A/oo(f7*(S) >iG)(g)f3§ (45) 

Since C 51* (S) x G we interpret also uj as an element of Moo (57* (S) x G) (g) 
n^f,'^, viewed is as bimodule over the DC pro-algebra Moo (57* (S) x G) (g) f^. 
The degree one component of the anomaly ([55)1 then reads 

A\uj,A) = — [ [^VAu . (46) 
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These very simple expressions for A(a;, A) allow to calculate explicitly the di- 
agonal of diagram (fT7|) 

iiTf P(^®^) iff P(^®^) 

i e Z2 , 

ch(p) 

acting on a class [u] e iirj°''(j^(i3^) of odd degree represented by an invertible 
class [e] € Kl°^{y^£/) of even degree represented by an 
idempotent e S Moo{^). First define a homomorphism p : jz/q ^ -e^o ^ ^ hy 
PifUg) = /[/* «) U*. Its hfting is a homomorphism : T^/o ^ ^0 «> T£§: 

Mfiu;, ® . . . ® Ac/;j = (/i/f . . . /r-"-'^c/;,...,J ® (^;, ® • ■ • ® ■ 

extends to a homomorphism of pro-algebras Tjs/q — > ^0 ^ T.^. In the odd 
case, take the canonical invertible lifting u £ Moo{T£/o)~^ of u and set 

u = p^u e Moo(M)) ® . (47) 

Then taking a) = u^^du E Afoo(M)) fi^T.^ as Maurer-Cartan form and A = 
u~^du € M(x) ($7* (M) X G) (8) Ti^ as gauge potential, the Chern character ofp!(M) 
in periodic cyclic homology HPi{^) is represented by the anomaly A(w, A) up 
to a factor \/2TTi (Proposition l2.2p . The result can be formulated nicely in terms 
of the Chern character of u in the non-commutative de Rham homology of the 
algebra ^/q (g) f^: 

I / ~-l J~ \ 2n+l 

nl „ . I u au ^ 



chdR(u) = j^^^TTy, I ^ ^(=^0 ^ ^-^^h • 



n>0 

This is a cycle of odd degree in the complex Q^x/q (g) = (g) f^)/[ , ] 

gifted with the boundary d. In the even case, take the canonical idempotent 
lifting e € Moo(T£/o) of e and set 

e = e Afoo(M)) <^ f ^ ■ (48) 

The Chern character of p\ (e) in periodic cyclic homology HPq can also be 
reduced to an anomaly, using Bott periodicity. Again this can be expressed via 
the Chern character of e in non-commutative de Rham homology: 

chdR(g) = V Tr^ (^^] e h{^o ® f.^\ . 

n>0 ^ ^ 

In fact chdR(u) and chdR(e) represent the Chern characters of p(u) and /5(e) 
in the cyclic homology of the discrete algebra s^q® SS. Now if Lp is any cyclic 
cocycle over s^q, it induces a cap-product 

(^n : HP^ {jzfo HP, (^) (49) 
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by composing the natural morphism of differential complexes CI{s^/q (g) — > 
(il^o)[] ® {ilT.S§)\f with the cyclic cocyclc (p ; $lja?o C. The anomaly formula 
then shows that the diagonal map is nothing else but the cap-product of the 
Chern characters ch(p(u)) e ilPi(M) 'Si 3§) and ch(p(e)) e HPq{s^o (g) with 
the cyclic cocycle y = $(r) + Td(r): 

Theorem 4.3 For any class [u] G K^°^ represented by an invertible 
u e Moo(M))''') the Chem character of its pushforward p\{u) e K^{''^{^^3§) is 
the periodic cyclic homology class of odd degree given by a cap-product 

ch(p!(u)) = ($(r) + Td(r)) nch(p(u)) (so) 

For any class [e] € Kq°^{^'Si£^) represented by an idempotent e € Moo{-s/o), the 
Chern character of its pushforward p\{e) £ Kq°^{j^iSi^) is the periodic cyclic 
homology class of even degree given by a cap-product 

ch(p!(e)) = ($(r)+Td(r))nch(p(e)) (51) 

Proof: For notational convenience suppose u G s^q' . One has Co = u~^du 
and A = u~^du. Let us rewrite the anomaly WAib = V{u~^du)u~^du in two 
different ways: 

\/{u~^dii)u~^du = V{u~^duu~^)du -\- u"^du\/u~^du 
= —Vdu~^du + ii~^duVu~^du 

V{u~^du)u~^du = Vu~^duu'~^du + u~^\/diiu~^du 
= u~^\/udu^^du + u^^\/diiu^^du . 

We sum these two equalities and apply the trace /p t\ : (f2* (M) x G) ig) —^ 
T^\^, which is closed for the differentials V and d: 

2 / \\V{u-'^du)u-'^du= I \\{-Vdu-'^du + Vduu-'^duu-'^) 

\\{ii^^du\/u~^du + u~^Vu9zt~"^d{() 
= j \\{-u-^dVdu-Vdudu-^) + j \\{u-'^(duWu-'^ + VuM-'^)du) 



Hence modulo coboundaries lld(-), the cyclic homology class of the anomaly is 
represented by 

A(a;,A) = $^(w)--^/ ^Vl(D 

= <^\\{u~^du) 5— / hu'-^VuVw^^d-u mod hd 
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and coincides with \J1-Ki ch(/9! (u)) by Proposition 12.21 Hence ch(p!(it)) appears 
as a cap-product of the Chern character chdR(u) with the trace <i> and the Todd 
class. 

Now let e € Moo(M)) be an idempotent. To calculate the pushforward of [e] G 
K^Q^^J^^s^') we use Bott periodicity [12]. For notational simplicity suppose 
e G ^Q. Let Ssi := ^(g)C°°(0, 1) be the smooth suspension of ^ . Under the 
Bott isomorphism K)^"^ {J^ ®s^') = K'^°^{,f(kS£/) the class [e] is represented by 
the invertible 

u = 1 + e ® (/? - 1) e (M) C°°(0, 1))+ , 

where /? € 1 + C°°(0, 1) is an invertible function with winding number 1 (the 
Bott generator). The direct image p\{e) € K'^^ then corresponds to 
p\{u) S K^°^{y^S3§) under Bott isomorphism. From 12J §4 the Chern char- 
acter ch(p!(e)) e HPq{^) is related to ch{p]{u)) G HPi{S^) by the formula 

ch(p!(e)) = -= / ch(p,H) eT^^ 





where : VL^f{S3§\ -> f^^ is the natural morphism O^f (^«)C°°(0, 1)) 
ni(f ^(g)C°°(0, 1)) f ^«)f)i(0, 1) followed by integration of one-forms over 
the interval [0, 1]. By construction one has u - \ ^ si^ ® f{SS ® C°°(0, 1)). 
Let us still denote abusively by it — 1 its image in jz/q ® TSS ® C°°(0, 1). Let 
s : C°°(0, 1) ^^"'^(0, 1) be the ordinary differential. Then we can write 

ch(p!(e)) = J-[ ($il(u"^su) - J- [ Iiu"^VuVm"\sm^ e f^i, 
Jo -^rao 

Since it appears as a cap-product of chdR(w) with the cyclic cocycles $ and Td, 
the class of the r.h.s. is homotopy invariant with respect to u. Then remark 
that ii is homotopic to the invertible 

because both u and v project to the same invertible in ® ® C°°(0, 1))^. 
Consequently the Chern character of p\{e) is represented by 

ch(/9!(e)) = /" {^\{v~^ sv) - I \v~'^Vv^v~^sv^ . 

Let us calculate in the space xi G (g) fsS) ® 17^(0, 1): 

?;-isi; (1 - l))gs/3 = e(g)/?-^s/3, 

v^^^VvVv-^sv = (l + g(/3"i-l))Vg(/3-l)Vg(/3"^-l)es/3 
= gVgVg«)/3-^(/3- - l)s/3 . 

Then we obtain the desired formula for the Chern character 
ch(pi(e)) EE $tl(e) - [\ eVeVe 

from the integrals (3~^s(3 = 27ri and — l){f3^^ — l)s/9 = 47ri. ■ 
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Remark 4.4 If G acts without fixed points one has T f ^ and Too = Fq C S. 
Hence the trace $(r) vanishes and the index theorem reduces to a cap-product 
with the Todd class 



In [5] we aheady obtained this formula using the Hopf algebra of diffeomor- 
phisms introduced by Connes and Moscovici [4]. In the latter situation G is 
a pseudogroup of conformal transformations whose action can be lifted to the 
bundle of Kahler metrics over E by a Thorn isomorphism, and the horizontal 
Dolbeault operator is combined with the vertical signature operator. Using 
characteristic classes for Hopf algebras as in [5 we precisely obtained the above 
formula, up to an overall factor of 2 accounting for the contribution of the ver- 
tical signature operator. Note that the modular differential S = [d, D] is one of 
the generators of the Connes-Moscovici Hopf algebra. 
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